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Quantum information processing is performed with single trapped Ca+ ions, stored 
in a linear Paul trap and laser-cooled to the ground state of their harmonic quantum 
motion. Composite laser-pulse sequences were used to implement SWAP gate, phase 
gate and controlled-NOT gate operations. Stark shifts on the quantum-bit transi- 
tions were precisely measured and compensated. For a demonstration of quantum 
information processing, a Deutsch-Jozsa algorithm has been implemented using two 
quantum bits encoded on a single ion. 
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1. Introduction 

For any implementation of a quantum processor a number of requirements have to 
be met, which have been summarized by DiVincenzo (2001). These prerequisites are 

(i) a scalable physical system with well-characterized quantum bits (qubits, ele- 
mentary units of quantum information); 

(ii) a technique to initialize the state of the qubits; 

(iii) long coherence times (much longer than the gate operation time); 

(iv) a method to measure the quantum state of the specific qubit; and 

(v) a 'universal' set of quantum-gate operations which can be applied to the qubits. 

A promising and potentially scalable approach to quantum information processing 
is provided by trapped and laser-cooled atoms (Cirac & Zoller 1995). Quantum infor- 
mation can be held in long-lived internal states, and the quantized common motion 
in the confining trap can be used to create entanglement and to realize quantum- 
gate operations. In particular, their quantum state of motion can be controlled to 
the ground state of the trapping potential and their qubit state can be detected with 
efficiencies close to 100%. 

One contribution of 20 to a Discussion Meeting 'Practical realizations of quantum information 
processing'. 
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Figure 1. Ca+ level scheme. The narrow quadrupole transition (TD = 1 s) at 729 nm serves 
to implement the qubit. Lasers at 397 nm and 866 nm are used for the excitation of resonance 
fluorescence and for Doppler cooling; the laser at 854 nm is used for repumping. The laser system 
is described in detail elsewhere (Nagerl et al. 2000). 

2. Quantum information processing 

(a) Experimental set-up 

With single trapped Ca+ ions we encode the qubit by operating on a narrow optical 
SFigD (quadrupole) transition, as shown in figure 1. The S narrow P qua D dipole transitions 
are driven for optical cooling, state preparation and state detection. 

For quantum information processing we load ions into a linear Paul trap with 
axial frequency v - 1.7 MHz and radial frequency Vr - 5 MHz. Doppler cooling 
(Stenholm 1986) is achieved by tuning the 397 nm laser below the resonance while 
keeping the 866 nm laser near resonance to prevent shelving in the D3/2 level. 

Thus, a single ion (or a string of ions) is cooled, within 2 ms, to residual vibrational 
excitation numbers of about nz - 20 in the axial direction and nr _ 3 in the radial 
direction. Further cooling to the ground state of the axial motion is achieved by 
sideband cooling (Roos et al. 1999). With a detuning of the 729 nm laser A = -Vz 
we strongly saturate the S1/2 (m = 2) - 

D5/2 (m = 2) transition on the lower axial 
sideband, while shining in laser light at the 854 nm transition to quench the D5/2 
state population via the P3/2 state. By applying occasional short laser pulses of 
r+-polarized light at 397 nm, optical pumping to the S1/2 (m = -) level is pre- 

vented. The resulting ground-state occupation is found by comparison of the on- 
resonance excitation probability for red- and blue-sideband transitions and is more 
than 99% for a single ion after ca. 10 ms of cooling (Roos et al. 1999). 

Individual addressing of an arbitrary ion in the string is routinely achieved by 
steering the 729 nm beam with an electro-optic deflector (Nagerl et al. 1999) for ion 
strings of up to three ions. The addressing resolution is 2.8(1) gm. For a three-ion 
string, the measured laser intensity on a neighbouring ion is less than 1% of the 
intensity on the addressed ion. 
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Figure 2. Lowest levels of a single trapped ion. The internal levels 1g), le) correspond to the S1/2 
(m = I) and D5/2 (m =- ) states, respectively, and the numbers n = 0, 1 denote the quantum 
numbers of the axial motion. 

(b) Qubit manipulation 

Quantum information processing requires that individual qubits can be coher- 
ently manipulated. Together with a two-qubit controlled-NOT (CNOT) operation, 
this provides a set of universal gate operations, i.e. arbitrary quantum computations 
can then be performed using sequences of these gate operations. Thus, the capa- 
bility to perform one- and two-qubit rotations is central to quantum information 
processing. We realize single-qubit rotations by coherent manipulation of the S1/2 
(m = ) - + D5/2 (m = 2) transition in Ca+. Following the Cirac & Zoller proposal, 
coupling of two qubits requires the precise control of the motional state of a single 
ion or a string of ions (Cirac & Zoller 1995). Both operations can be performed 
by applying laser pulses at the carrier (i.e. not changing the vibrational quantum 
number, Anz = 0) or at one of the sidebands of the S-D transition as indicated in 
figure 2 (i.e. laser detuned by ?vz, thus changing the vibrational quantum number 
by An = ?1). 

We denote all qubit rotations as unitary operations in the following way (Childs 
& Chuang 2001): carrier rotations (i.e. \g, n) - |e, n) transitions) are given by 

R(O, O) = exp [i(0/2)(e'ir+ + e-i'cr-)], (2.1) 

whereas transitions on the upper (blue or +) and lower (red or -) sidebands are 
denoted as 

R+ (0, q) = exp [i(0/2)(e'iO+at + e-iOa-a)], (2.2) 

R-(0, O) - exp [i(0/2)(ei'af+a + e-ior-uat)], (2.3) 

where ?+ = (ax + iory) acts on the internal state of the ion (notation: a+ = le)(gl)) 
and a, at account for the harmonic oscillation (i.e. the annihilation or creation of 
a phonon at the trap frequency). The parameter 0 depends on the strength and 
the duration of the applied pulse and 0 denotes its phase, i.e. the relative phase 
between the optical field and the atomic polarization. Figure 3 shows an example 
of coherent Rabi oscillations for excitation on the carrier and the blue sideband, 
respectively. 

By concatenating pulses on the carrier and on the sidebands, gate operations and 
eventually whole quantum algorithms can be implemented. Even the simplest gate 
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Figure 3. Rabi oscillations on (a) the carrier and (b) the blue sideband. Note that the time-scale 
is different for (a) and (b). The blue-sideband coupling is reduced by the Lamb-Dicke factor 
rq = kao (typically of the order of 10-2 for Ca+), where k is the wavenumber of the 729 nm 
radiation and ao denotes the size of the ground-state wave function (Steane et al. 2000). 

operations require several pulses; therefore it is imperative to control the relative 
optical phases of these pulses in a very precise way, or at least to keep track of them 
so that the required pulse sequences lead to the desired operations. This requires the 
precise consideration of all phases introduced by the light shifts of the exciting laser 
beams. 

(c) Stark shift measurements and compensation 

The manipulating laser beam at 729 nm acts off-resonantly on the various Zeeman 
components of the S X+ D transitions as well as on the other S + P and D ++ P dipole 
transitions, as can be inferred from the level scheme (cf. figure 1). The individual 
shifts have different signs and compensate each other to some extent. These combined 
shifts (which are typically of the order of several kHz) cannot be neglected and must 
be carefully controlled, since the detuning and the interaction time of the 729 nm 
laser changes depending on the pulse sequence pertaining to gate operations or an 
entire algorithm. 

We used a Ramsey-type interference experiment for a precise measurement of the 
Stark shift. Figure 4 shows the measurement procedure and the result. First, we 
apply a r/2-pulse on the carrier, followed by a pulse of variable length at a specific 
detuning, and eventually the Ramsey cycle is closed with another 7r/2-pulse. Thus, 
without a phase shift, the population is transferred to the excited state, whereas in 
the presence of light shifts, the phase of the transition is affected and accordingly 
this results in the observed Ramsey fringes of the D-state population. The frequency 
of the observed sinusoidal variation is a direct measure of the light shift (Haffner et 
al. 2003a). 

Figure 5 shows the measured light shifts for various detunings around the qubit 
transition. Note that for detunings larger than ca. 6 MHz the combined phase shift 
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Figure 4. (a) Ramsey technique to measure light shifts (see text). (b) Observed Ramsey fringes 
as a function of the applied pulse length. The frequency of the sinusoidally varying signal cor- 
responds to the light shift. 
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Figure 5. AC Stark shifts for detunings close to the qubit transition. 

changes sign. A positive net shift is also observable for detunings below the qubit 
resonance. 

Knowing precisely the magnitude and sign of the light shift makes it possible to 
compensate the unwanted Stark shift created by a gate pulse by applying an addi- 
tional off-resonant pulse simultaneously. For example, for an excitation on the blue 
sideband (vz - 1.7 MHz), the net Stark shift is negative and thus the simultaneous 
application of an additional off-resonant pulse which leads to the same positive shift 
should be able to compensate the shift of the gate pulses. In the experiment, we 
implemented this procedure and showed by measurement, as in figure 4, that light 
shifts can indeed be reduced to below 2% of the value without compensation. By 
means of this compensation technique, arbitrary pulse sequences can be concate- 
nated without the necessity of keeping track of the changing phase. 
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(b) 

Figure 6. Motion of the Bloch vector for (a) the gI, 0) X le, 1) transition and (b) the Ig, 1) <- Ie, 2) 
transition when a composite SWAP operation is performed. Note that the north poles are 1g, 0) 
and gI, 1) and south poles are le, 0) and le, 2). 

(d) Composite quantum operations with ions 

In addition to controlling the optical phases, quantum information processing with 
ions also requires the precise control of the quantum state of motion. Especially 
for operations which encode one qubit in the In) = 10), 11) motional states (such 
as the Cirac-Zoller CNOT operation (Cirac & Zoller 1995)), it is important that 
after each gate operation the population has not leaked from the computational 
subspace |g, 0), Ie, 0), Ig, 1), |e, 1). If the population gets lost to a state outside the 
subspace, any series of operations would eventually lose its fidelity and it would 
not be possible to work through an extended algorithm. The major problem here 
is that, due to the degenerate harmonic-oscillator structure of the level scheme, 
sideband pulses (red and blue) work simultaneously on all levels. Therefore, any 
residual population in le, 1) (or Ig, 1)) prior to the application of a red-sideband (or 
blue-sideband) pulse will leave the computational subspace. This can be avoided by 
the application of so-called composite pulses, i.e. a well-defined sequence of carrier 
and/or sideband pulses replacing the action of a single pulse. Thus, at the expense 
of a slightly longer pulse sequence and a slightly more complicated procedure, the 
computational subspace is protected. This method is well known in nuclear magnetic 
resonance (NMR) technology (Levitt 1986) and was recently proposed for application 
with trapped ions (Childs & Chuang 2001). 

For example, a simple SWAP operation could be achieved by starting with a 
population in the |e, 0) state only and application of a red-sideband pulse with 0 = 7r 
(i.e. a 7r-pulse). As a result, the population after the pulse would be Ig, 1) only. 
However, as pointed out above, this holds only if there was no population in the 
|e, 1) state initially. A composite SWAP pulse sequence such as 

RswAP=R (- - )R (0 ,SWAP)R (- ,0 (2.4) 

where 
?SWAP - COS (cot2(T/V2)) 0.3037r (2.5) 
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Figure 7. Experimental implementation of the composite phase gate with a single trapped ion. 
Circles show the excited-state population when the pulse sequence is interrupted at time t. The 
solid line displays the calculated time evolution for an ideal pulse sequence as in (2.6). 

performs a perfect SWAP operation (i.e. a w-pulse) on the le, 0) ++ Ig, 1) transition 
and simultaneously does a 47r rotation on the le, 1) ++ Ig, 2) transition (Haffner et al. 

2003b). This can easily be seen by tracing the corresponding path on a Bloch sphere. 
As shown in figure 6a, the pulse sequence leads to an overall rotation of wF (i.e. a 

SWAP) for the transition Ig, 0) ++ le, 1), whereas it results in a full 47T rotation for 
the Ig, 1) e+ le, 2) transition (see figure 6b). 

More complicated operations, such as a phase-gate operation, can be implemented 
in the same way (Childs & Chuang 2001; Haffner et al. 2003b). As an example, 
we demonstrate here a composite phase-gate operation with a single ion, which is 
implemented by the pulse sequence 

Rphase gate R( ) R+ ($- O) R+ (f, RR+ - 0). (2.6) 

This phase gate flips the sign of the states Ig, 0), Ig, 1) and le, 1), but leaves the state 
e, 0) unchanged. 

We implemented the procedure in the experiment and measured the sign change 
by sandwiching the pulse sequence of (2.6) between two Ramsey carrier pulses (of 
opposite phases) as shown in figure 7. The initial state for the phase gate, as pre- 
pared by the first r/2 Ramsey pulse, is (Ig, 0) + Ie, 0))/v, which is transformed into 

(-Ig,0) + Ie,0))/v/2. Due to the opposite sign change of Ig,0) and Ie,0), the final 
-7T/2 Ramsey pulse leads into le, 0) with 97.8(5)% probability, rather than back 
into Ig, 0). 
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Figure 8. Quantum circuit for implementing the DJ algorithm with basic quantum operations. 
The upper line shows the input qubit la) ('which side of the coin' information), the lower line 
an auxiliary working qubit \w). 

Note that the total pulse sequence including the Ramsey pulses can also be read 
as a 'zero-controlled-NOT' (Z-CNOT) operation, i.e. the internal state flips if and 
only if the motional state is In) = 10). 

We would like to point out that composite pulses eliminate the need for auxil- 
iary levels to implement gate operations. For example, the Cirac-Zoller-type CNOT 
gate (Cirac & Zoller 1995) may be realized with an atomic two-level system using 
composite pulses. 

3. Deutsch-Josza algorithm with a single trapped ion 

Answering the question of whether a coin is fair (head on one side, tail on the other) 
or fake (heads or tails on both sides) requires two examinations, i.e. a look on each 
side. Only one examination is necessary if the coin is represented by operations of 
a quantum processor. The associated quantum algorithm is known as the Deutsch- 
Josza (DJ) algorithm (Deutsch 1985; Deutsch & Jozsa 1992). 

In order to demonstrate the feasibility of concatenating longer pulse sequences and 
their application for an actual computation, we chose to implement the DJ algorithm 
on a quantum processor based on a single trapped 4?Ca+ ion driven by laser pulses 
(Gulde et al. 2003). The compensation technique for AC Stark shifts allows us to 
achieve the required control over the optical phases of the pulses. With the use of 
the composite pulse sequence we achieve complete control over the ion's motional 
and electronic states. This implementation of a quantum algorithm on an ion-trap 
processor serves as a test of the suitability of these techniques, particularly in view 
of the technique's scalability towards a larger number of qubits. 

The DJ algorithm was first realized experimentally using bulk NMR techniques 
(Chuang et al. 1998; Jones & Mosca 1998), encoding qubits as nuclear spins and 
performing ensemble measurements. In order to illustrate the DJ algorithm, we rep- 
resent the four possible coins by four functions fi (i = 1, 2, 3, 4) that map one input 
bit (a = 0, 1 denoting 'which side of the coin') onto one output bit (fi(a) - 0, 1 
denoting 'head or tail'). These functions can be divided into two constant func- 
tions fi (a) = 0, f2(a) = 1, representing the fake coins, and two balanced functions 
f3(a) = a, f4(a) = NOT a, which stand for the fair coins. An unknown function is 
characterized as constant or balanced by evaluating f(0) E( f(1), which yields 0 for a 
constant function or 1 for a balanced function (ED denotes addition modulo 2). Classi- 
cally, this evaluation requires two function calls, whereas the DJ quantum algorithm 
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Table 1. Functions fn and their implementation by logical operations 
(including the initial and trailing 7r/2 pulses Ry,) 

function logical operations 

f Rio Ryw 
f2 R^, SWAP -1NOTaSWAPRyw 
f3 RYW CNOTRy, 
f4 RW Z-CNOTRyw 

Table 2. Functions fn and their implementation by laser pulses on the carrier and 
upper-sideband transitions R(O, O) and R+(0, q) according to (2.1) and (2.2) 

function laser pulse sequences 

fi 

f2 R+(7r X)R+(2r?, )swA R+( 2, ) 

R , 0?) R 7r, -) R - ) 

R 
+ 

( )7r) R 
+ (7r 

/7r + ]SWAP -R+ ( 
, 7r 

f4 R(7r, O)R+ 7r ,0 R+ 7(r )R+ ( , R+ (7r) R(7r ) 

allows us to obtain the desired information with a single evaluation of the unknown 
f. In figure 8 we show a circuit diagram which describes the implementation of the 
DJ algorithm using basic quantum operations (Nielsen & Chuang 2000). The two 
qubits required for the DJ algorithm are encoded in the electronic state and in the 
phonon (i.e. vibrational quantum) number of the axial vibration mode of the single 
trapped ion (see figure 2). Qubit operations are realized by applying laser pulses to 
the 'carrier' (R) or the 'blue sideband' (R+) of the electronic quadrupole transition 
as described above. 

The rotations Ry create superpositions 

la 10) + 1) and w 0) - 1) la)i = ) and jw)- = - 

from the inputs la)0 = 10) and Iw)o0 = 1). The box Ufn represents a unitary operation 
specific to each of the functions fn, which applies fn to a and adds the result to 
w modulo 2. Table 1 lists the logic operations required for transforming Iw) into 
Iw e f,n (a)); the corresponding pulse sequences are listed in table 2. The output of 
the box is [a, w)2 (10, Win E fn(0)) + |1, Win + fn(1)))/ V'. Up to an overall sign Iw) 
is left unchanged, but the positive superposition (10) + I1))/V/2 on Ia) is transformed 
into a negative superposition la)2 = (10) - \1))/v2 if f is balanced; otherwise it is 
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Figure 9. Time evolution of |(1 a) 12. Points are the probabilities, each inferred from 100 mea- 
surements; the line shows the ideal evolution. No parameters were adjusted to fit the data. The 
implementation of the functions Ryw Uf Ry, takes place between the dashed lines. An initial 
Ra and a final Ry rotation on Ia), imrnplemented by carrier pulses, complete the algorithm. Taking 
case 3 as an example, Rya lasts from 12 to 22 gs. Then RYw Ufn Ryw on la, w) is implemented 
from 54 to 212 is with the laser tuned to the blue sideband. The laser phase is switched at 87, 
133 and 166 Rs. The final Ry, pulse is applied from 240 to 250 us. 

unchanged. After the final rotations Ry, a measurement on la) is performed with 
result la)3 = either 10) or 11). Because of the sign change in la)2 if f is balanced, 
|(l|a)3|2 = fn(0) D fn(l), that is, la)3 yields the desired information whether the 
function fn is balanced or constant. The working qubit w resumes its initial value 

W)3 = IW)O = 11)' 
After ground-state cooling a single trapped Ca+ ion, we initialize the quantum pro- 

cessor in 101) = IS, 0z) by optical pumping to the SI/2(mJ = -) state. Both qubits 
are manipulated by pulses from a stabilized titanium-sapphire laser (linewidth less 
than 100 Hz, relative intensity noise less than O.02RMs) emitting at the S1/2 + D5/2 
transition wavelength near 729 nm. For switching between R and R+ rotations we 
shift the laser frequency with an acousto-optical modulator. The phase of the light 
field is switched via the phase of the radio frequency driving the acousto-optical mod- 
ulator with an inaccuracy of less than 0.06 rad. The state measurement is performed 
using the electron-shelving technique as described above. We measure the fidelity 
of the implemented algorithm by repeating several thousand times the experimental 
sequence of cooling, initialization of both qubits, laser pulses for the algorithm and 
final measurement. For cases 1, 3 and 4, the fidelity of identifying the function's class 
with a single measurement exceeds 97%; for case 2, it is above 90%. Note that, to 
decide whether the function is constant or balanced, only |(l a) 2 at the end of the 
algorithm needs to be measured. We also verified that the working qubit |w) is reset 
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to its initial value by reading out the phonon number through a measurement of 
the Rabi frequency of the blue-sideband transition (Meekhof et al. 1996; Roos et al. 

1999). Due to the experimental errors, the measured output of the algorithm slightly 
deviates from the ideal result. We identified the major sources for this infidelity and 
attribute it mainly to decoherence of the laser-atom phase, in particular caused by 
ambient magnetic-field fluctuations (Schmidt-Kaler et al. 2003). Furthermore, in the 
implementation of case 2, which requires the most complex pulse sequence, we used 
the higher laser power of the sideband transitions in order to speed up the algorithm 
and thus reduce the sensitivity to phase decoherence. This in turn caused off-resonant 
carrier excitation which limited the obtainable fidelity. 

A major advantage of our state-detection technique is the ability to trace the evo- 
lution of |(la) 

2 during the quantum algorithm. This has already been shown in 
figure 7. To do this for the DJ algorithm, we truncate the pulse sequence at a certain 
time t and reveal l(lIa(t)) 2 by measuring the probability of finding the ion in the 

D5/2 state. In figure 9 we display this probability as a function of time for all four 
cases. The data agree very well with the calculated ideal evolution (solid lines in 
figure 9), demonstrating the high precision of the applied pulse sequence, especially 
the control over the optical phases. Note that the solid lines in figure 9 show the 
calculated result without the need for fit parameters. The results demonstrate a high 
degree of control of all relevant experimental parameters, that is, laser frequency and 
intensity, optical phases and trap frequency wz, over long pulse sequences. There- 
fore, the procedures presented here pave the way for implementing more-complex 
algorithms and for scaling the system to multi-qubit operation. Also, the light-shift 
compensation technique demonstrated in this experiment can be directly transferred 
and advantageously applied to a several-qubit quantum processor. This technique will 
become increasingly important for scaling such a system because, as the ion crystal 
becomes heavier, higher laser intensities are required to drive sideband transitions, 
which in turn result in increased light shifts. 

4. Conclusions 

Quantum information processing with single trapped Ca+ ions is investigated. High- 
contrast Rabi oscillations on carrier and sideband transitions are demonstrated as 
basic qubit manipulations. Procedures for the measurement and the compensation 
of the AC Stark shifts introduced by the manipulating laser were presented and 
employed for gate operations. Such a compensation is a necessary requirement for 
reliable quantum information processing. The application of composite pulses con- 
fines the operations to the computational subspace and was demonstrated with a 
composite phase-gate operation. These techniques were successfully applied for an 
implementation of the DJ algorithm, thus demonstrating that the ion-trap technol- 
ogy provides a viable technology for quantum computation. 
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